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INTRODUCTION

Shapiro (ref 1) states in his introduction that he does not intend to
discuss shape preserving properties of smoothing or iteration of the smoothing
process. These are the topics which will be discussed here.

The basic objective in this report is to take a piecewise polynomial of low
smoothness (having perhaps no derivatives) and replace it with an approximating
function having any desired number of derivat%ves. One instance in which one
might want to do this arises from computer-aided manufacturing where one might
want to round off corners in piecewise linear geometries. Another instance
arises from analysis of noisy data where one might want to reliably estimate the
second derivative.

We will adhere to the idea of continuous smoothing through integration (as
opposed to discrete smoothing through summation) because it becomes a trivial
matter to interpolate in the smoothed function or any derivative thereof even

for unequally spaced data.

SHAPE PRESERVATION PROPERTIES

0w Pt ot

Consider the averaging operator S defined by

1 x+h
s{foa) = o= [ | f(0dt = F1(x)

ool e

First, the operator S is obviously linear because

1 x+h
s{af(x) + bg(x)} = 5 fx-h af(t) + bg(t)dt

! fx*h f(t)dt + b ! fx+h (t)d
= a ¢ =-- + ¢ == t
2h " x-h 2h x-h g

= as{f(x)} + bS{g(x)}

1Shapiro, H. S., Smoothing and Approximation of Functions, Van Nostrand Reinhold
Company, New York, 1969.
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Second, S preserves 1 and x because

1 x+h t x+h 1
s{1} = -- 1dt = -- s -- (X+h-{x~h =1
{ } 2h fx-h 2h |x--h 2h ( ( N

and

six} = o2 M ear = L E PN DD eny - (xem) 2
x} = -- = == == = <= ((x+h)2-(x-
2h " x-h z2h 2 x-h 4h

1
= ZE (x2+2hx+h2=-(x2-2hx+h2)) = x

Therefore, S preserves all linear functions because

S{A+Bx} = S{A-1+Bex} = As{1} + BS{x} = A+Bx
This is the extent of S's accuracy preserving capabilities, however,

because S does not preserve higher powers of x exactly:

sixe} = =2 P krge = o P2 L (b (xem) 2
X = -- = <= == 5 -- X+ - (X~
2h x-h 2h 3 xX-h 6h

= Ea (x3+3x2h+3xh2+h3-(x3-3x2h+3xh2-h3)) = x2 + gf
Although the accuracy preserving ability of § is limited, it does have some nice
shape preserving properties which no form of least squares approximation has.
For instance, S preserves monotonicity. We can say, for example, that:
If f is monotone increasing on (A,B), then F{ is monotone increasing on
(A+h,B-h). Proof: Assume f is monotone increasing on (A,B), i.e.,
Acx<y<B = %(X) ¢ f(y)

(implies)
Let

A+h<ag<sb<B-h

By definition,

b+h ¢ g
b-h (t-(b-a))dt

. 1 Ia+h ¢ 1
1) = gp Jaup P00 = 50
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. In the second integral, By
Z b-h € t < b+h b
Therefore v
L v
: A <a-h €b-h ¢ t < b+th < B N
. ’ and '
X A < a-h € t - (b-a) € a+th € b+h < B N
o
3 We therefore have
b \
b A<t - (b-a) <t «<8B A
\ Since f is monotone increasing on (A,B), we also have 'ﬁ
3 ‘ 2
K f(t-(b-a)) € f(t) ‘
A .
y The second integral is therefore bounded above by J
! Ib+h f(t)dt 3
2h “b-h :
" (]
but this is just Fi(b). We finally conclude that :
. F1(a) € Fq(b) ]
‘
i and that Fq is monotone increasing on (A+h,B-h). N
)
i S also preserves convexity or concavity "away from" inflection points in b
\ the following sense: ;;
)
) " LY
k If f"(x) exists and is positive for A < x < B, then Fi(x) > 0 for A+h < x 3
1 .
' < B-h. Proof: Assume f"(x) exists and f"(x) > 0 for A < x < B. Take arbitrary i
x in (A+h,B-h). Therefore ?'
y x-h > A and x+h < B :
.' '.
[ Now for x - h € t € x + h, we have A < t < B ard f"(t) > 0. Therefore ¥
{ x+h
' J f'(t)dt = f'(x+h) - f'(x-h) > 0 o
\ x-h o
' N
] W
0 ™
D) Of
b
! 3 3§
\
A g
) \
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But by definition,
=l
SIFO0} = Fro0 = =2 [ #(e)d >
X = X) = -- t)dt
1 2h x-n T8 ’
e
Using Leibnitz's rule for differentiating integrals, we have hf
1 1 :
F1(x) = == (f(x+h)-f(x-h))
2h ny
and differentiating again, we have .i?
" 1 0
F1(x) = == (f'(x+h)-f'(x-h)) N
2h ;
and .
o
F1(x) > 0 *}
WA
on (A+h,B-h). £3
S also preserves positivity in the following sense: !4
3
If f(x) > 0 on (A,B), then S{f(x)} > 0 on (A+h,B-h). Proof: Assume f(x) > o
U
\
0 on (A,B). Take x arbitrary in (A+h,B-h). Therefore x~h > A and x+h < B. Now \b
if A < x-h € t € x+th < B, we have f(t) > 0 and also that -
Sni
s
X+h '\
fx N f(t)dt > 0 gy
Therefore >i
o
i Y
s{f(x)} >0 3
on (A+h,B-h). A corollary to this theorem is that -
w "
f(x) > g(x) on (A,B) => S{f(x)} > s{g(x)} )
on (A+h,B-h). (S is a monotone operator.) N
Proof: Assume f(x) > g(x) on (A,B). Therefore S
£(x) - g(x) >0 on (A,B) )
", <
and :i:
(._'.
S{f(x) - g(x)} > 0 on (A+h,B-h) o3
W~
Linearity of S gives us S{f(x)} > s{g(x)}. !r
v
\i
4 ~7
N
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We can summarize the preceding theorems by the form:
If f(x) has property P on (A,B), then S{f(x)} has property P on (A+h,B-h).
1f we think of repeating the application of S to £ i times (S1), we can easily

prove that
f(x) has P on (A,B)
=>
si{f(x)} has P on (A+ih,B-ih)
These shape preserving properties are important for applications in industrial

computer-aided design and manufacturing, and in data analysis situations when

one or more derivatives must be estimated.

REPEATED AVERAGING

We may apply the smoothing operator S repeatedly in order to obtain

approximations of higher smoothness in the following manner:
S{f(x)} ! fx+h f(t)dt = F
X S - =
2h *x-h 10x)
Fiser(x) = S{Fy00} 4 31

In order to carry out this process, we must be able to compute the successive

indefinite integrals of f

X
fisg(x) = fafi(t)dt i3o0
We now compute the first few F's

£ 1 fx+h oy 1
I(X) = ER x-h (t)dt = EE (fl(x+h)-f1(x—h))
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)

F ! jx+h Fq(t)d ! lx+h s t+h)-fq(t-h))dt
200 = 50 L Fr0de = g L g (falemsfaieom)
1 x+h x+h
= ZE;‘;; {fx-h fl(t+h)dt - Ix—h fl(t—h)dt}
1
= IEE;; {fa(x+2h) - fa(x) - (fa(x)-fa(x~-2h))]}
1
gerer {fa(x+2h) - 2f5(x) + fp(x-2h)}
e 1 fx+h 1 Ix+h 1 (f oh of £, (t-2h)}dt
2 -—- == | eeca- - + -
30 = 2h Jaen F2UIAE = on L on (aRye 2(te2h) = 2fa(r) ¢ fa(eezh)
h X+h
Py {]x_h fo(t+2h)dt - 2 [ h faltidt + fx n f2(t-2n)dt}
= G {f3(x+3h) - f3(x+h) - 2(f3(x+h)-f3(x-h)) + f3(x-h) - f3(x-3h)}
arrer {f3(x+3h) - 3f3(x+h) + 3f3(x-h) - f3(x-3h)}

The appearance of the binomial coefficients is fairly evident, and we can
guess the general formula for the ith smooth as
i
Filx) = ====x ) (1)K 5 (xe(i-2K)h,
k=0
A1l we need to do to prove this formula in general (by mathematical induction)

is to be sure that it is true for i = 1, and be a2ble to conclude that it is true

for i+1°on the assumption that it is true for i. For i = 1, we have

1
1 1
FLOO = cooss ) (FDKEIR O (1-20R) = = (F1(xh)=F1 (x-h)
k=0

which we have already shown to be true.

By definition,

1 ,x+h
Fiep(x) = - Ix_h Fj(t)dt

-

- :- - -';"‘ 4
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Assuming the result for i,
i

1 x+h 1 i '
Fian) = 5 [ 55 > DR Ei (ke (im2k)n)de
; k=0
1 i X+h
. -1k} . i
nyiel (-1)%() Ix—n fi(t+(i-2k)h)dt
; k=0
1 - ,
abrresye (1)K {Fiaq (x+he(-2k)N) = Fip1(x-he(i-2K)h) ]
k=0
i
1 i
Fisn 0 = 1505337 (=1)R( I {Fis1(x+(i+1-2k)h) - Fipq(x+(i-1-2k)h)}
k=0
i i
1 3
= GF\;H { } (- 1)"( )f1+1(X+(1+1 2k)h) - } (-1)k(;)fi+1(X+(i-1-2k)h)}
k=0 k=0
.i
1 .
* i ! D -1K(] ) f14q Ok (341-2K) )
k=0
i+l
Y k1 Fi e (i-1-2(k-1))M) }
k=1
i i+1
1
= e { } (-1)k (] Jfis1(x+(i+1-2k)h) + } (- 1)k( ) Fis1Oxx (41~ -2k)h)}
k=0 k=1

At this point we must mention the well-known recursion for the binomial
coefficients

i+l

i i
(ko) * () = O
from which we immediately conclude that

i

=0=(,
(-1) (1+1)
by substituting K = 0 and i+1 in the recursion.
7
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These last two facts enable us to extend the ranges of summation of our two

sums appropriately .

i+l

- -

1
Fiag(x) = —=oozos { ) (DK Fiaglxs(i+1-26)h)
k=0

R

+§ (‘l)k(kil)fiq(x+('i+1-2k)h)}
k=0

Therefore

y e r"\‘ .-‘ 5‘ .: #’V" l\

i+l

F 1 k(] i :
j+1(x) = IER;;;E (-1) {(k) + (k_l)}fi+1(x+(1+1-2k)h)
k=0

i+l

EEES::; D R i1 e (i91-260M) 3

k=0

We have concluded that our general result holds for i+l if it holds for i, and

the proof is complete.

Having established the validity of the formula for the ith smooth of f,

e S S ad P

s

1‘

Fi(x) = ziﬁi; } (-1)k¢ )f1(X+(1 2k)h)
k=0

we may trivially obtain the jth derivative of F; merely by subtracting j from

&

Al R IO

&"‘:'l:‘- ': ')' 5 "

the subscript of f.

i

—
~—
s

Filx) = -==== } -1k )f1 jix+(i-2k)h)
k=0

'l

I1f f is not differentiabte (and usually jt won't be), we must be sure that i 2
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Suppose we wanted to estimate the second derivative of f. We would of -
course need j = 2. Suppose in addition, we wanted the second derivative to be !

smooth to the extent of being differentiable. The lowest value of i that we

i could use would depend on the smoothness of f. If f were continuous, then f1

. .le
. would be differentiable and we would need i = 3 (at least). If f were discon- \
tinuous, however, f, would be differentiable and we would need i = 4. )
K SMOOTHING ERROR AND CONVERGENCE ;
W o
In this section, our goal is to obtain a general result describing the con- :
g vergence of the jth derivative of the ith iterated smooth of a sufficiently ;1
Y e
) smooth function. The following formula for integration-by-parts will be used a i
number of times: —
b b b X .
. [ f(x)g(x)dx = f(b)[ g(x)dx - [ f'(x)[ g(t)dtdx ,_‘
i a a a a .
¢
In addition, Leibnitz's rule for differentiating an integral containing a param- w
[ eter will subsequently be used. x
- Y
‘:, d B(x) B(x) 3 N
i f(t,x)dt = 3o flr,x)dt + £(B(x),x)B"(x) . =
dx Ia(X) ]a(X) ax
- fla(x).x)a’'(x) ~
g
’
By definition, :,
1 ,X+h <
S{f(x)} = 5% [ f(t)dt A
2h “y-h .
’ Letting D be the derivative operator, we have by Leibnitz's rule for differen- 3
tiating integrals: N
DSF(x) = 51 (f(x+h) - £(x-h)) '.
v but :
: DF(x) = f'(x) !
)
9 3
s 3 d
\ »
\ .
B N N B e N e e B B L e
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and
SOf(x) = 5% I:t: f'(t)dt
- 5% (F(x+h) - f(x-h))
= DS f(x)

We therefore have commutativity of the S and D operators for differentiable f:
SO = DS
It is easy to show that in general, siDj = Djsi for sufficiently smooth f.
The commutativity of the smoothing and derivative operators tells us that
when we apply the smoothing operator to a function, we simultaneously apply the
same operator to all available derivatives of the function. This in turn tells

us that the shape preserving properties of the smoothing operator extend to all

derivatives as well.

Recalling
(J) 1 ,x+h (j)
Fiza0) = -= [ Fi7 (¢)dt j3o0
2h x-h
we rewrite
(J) X (3) (3)

X
2hF3i31(x) = fx_h Fi~ (t)dt - jx+h Fi~ (t)dt

Using integration-by-parts on these two integrals, we have

(3) (3) X X (j+1) t
2hFis1(x) = Fj (x)fx_h dt - !x_h Fj (t)fx_h dudt
(J) X (j+1 t
(x)l L dt - fx+h Fi (t)[x+hdudt}
, 41
thJ)(x) - f:_h FﬁJ )(t)(t—x+h)dt

(i) j+1
+ hFiJ (x) + I:+h ng )(t)(t-x-h)dt

10
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Therefore, we get

(3) (3) X (j+1)
2h(Fi31(x)-F5~ () = = [ Fj

1 X (j+1)
(t)(t-x+h)dt + [ F; (t) (t-x-h)dt
x+h

Using integration-by-parts again on each integral, we have

(j) (j) (j+1

) b
2h(Fi31(x)-Fi" (x)) = -{F; (x)]x_h t-x+h dt

fx F(j+2) .t h dudtl F(J’+1) (X h d
weh | (t)jx_h u-x+h dudt} + Fj (x)jx+h t-x-h dt

X (j+2)
_[ Fi

f |

(3) (3) (j+1) (t-x+h)?2
2h(Fi41(x)-F3 (x)) = -F4 (x)

t
(j+2) (u~x+h)2
F t

hz  _(j+1)

2 1

he (j+1) X (j*2)  (t-x-h)?
- IR CO R N2

(3+#2)  (t-x+h)e x+h (j+2)  (t-x-h)?
n i dt + [ FiT O (n)

Using the absolute value triangle inequalities (for sums and integrals), we have

(3) (J) x (j+2) (t-x+h)?
M Fis100 - Fi ool < f | Fy

x+h (j+2) (t-x-h)2
+I |F1'
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We must now define the following function norm:

gl (x;h) = least upper bound of the set {ig(t)l:x-h £t < x+hi
= max {| g(t)| :x-h € t < x+h}

if g is continuous.

Employing this norm, the previous inequality gives us

(§) (§) (j+2) X x+h
2h Fit1(x) - Fi ()] & %IF; Bxshy ([ (t-xeh)2dt + [ (t=x-h)zat)

(3) hs  (-h)3 hs _(j+2)
= XIF; ﬂ(x;h)(s- - --5--) =3 HF 4 M(x;h)

Therefore, we have another preliminary result

(J) (J) hz (j+2)
| Fid1(x) - F3~ (x)] € - IFi (x;h)

“he special case of i = j = 0 gives us

h2
| s{f(x)} - f(x)] ¢ e W0 ()

which substantiates our previously obtained result that the smoothing approxima-
tion is exact for all linear functions. Before we proceed to our general

results, however, we need just two more preliminary results. The first norm

theorem is:

If 0¥l (x;h) € Hgl(x;k), then Nfll(x.heg) € gl (x;k+p) Where x is arbitrary
and h, k, 2 3 0. Proof: Assume Hfli(,.p4) € gl (x;k)- By definition,

ufu(x;h+,) max{|f(t)|:x-(h+!) £t ¢ x+h+!}
= max{UFl(¢,py:x-2 < t € x+2j
< max{Ngh(¢,c):x-2 € t € x+f

= max{] g(t)] :x-(k+2) € t € x+k+1}

gl (x;k+1)
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We now follow the first norm theorem with the second norm theorem:
(J) (J)
U510 (x;kh) € 0F5  B(x; (k+1)h)
Proof: Since

L) x+h (j)
Fits1(x) = == I b Fi ()t

Taking absolute values and using the norm, we have

(3)

1 x+h  (
F -
| Fiva0al € 5= ! o L

) ()] gt

1 (J) (3)
NILLE I TP h,f dt = IF3” H(x;h)
but
(3) (3)
[ Fiz100l = #F3310(x;0)
Therefore

(J (J?
llF.i...lll(x;o) € IF4 Il(x;h)
and using the first norm theorem, we have
(3) (3}
UF541l(x;kh) € MF§ N(x; (k+1)h)
We are now prepared to establish the main result of the section. Subtracting

and adding the intermediate smooths, we have

(3) ; (j ( (j)
£ 00 - #9000 = 1 1 - B2 0+ 20
( ) (J) (j) ()
- F1J2(X) + FiZ2(x) - - FIJ (x) + F1J (x) - f(J)(x)

Taking absolute values and using the absolute value triangle inequality for

sums, we have

( ) (3)

(J)
) - £ 00) <R g - Fio1 00l

(3) (3) () .
s 1Fi2100 = Fitg0al + oo + 1R () - £3) ()
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(note that use of the triangle inequality does not make this inequality par- :
ticularly strong, since the arguments of the absolute values will tend to have ;ﬁ
)
the same sign), but we have already proved that ,¥
ht!
(4) (J) hz (j+2) v
lF'i+1(x) - F5 (%) |< g- IF; (x;h) - "‘
Using this fact in the previous sum, we get oy
R

(3) ; he  (j+2) (j+2) ;
1E57 00 = £97001 € == (F320 Mgn)*IFiza Bpch)*e -« +H1E 9 200 0)) N
6 ! ’ ' ;

)

Now, applying the second norm theorem to the first term i-1 times, to the second "
r
term i-2 times etc., we have Sy
o

o
(3) . h? . X . Y,
1Ei7 0 - £ 00) < . EI* B anyan B oy e 9B ) .
Since the first term is obviously the largest, we have our final result for suf- ﬁ'
ficiently smooth f Ry
(4) - ihe (542

[Ri? ) - #9000 | ¢ - TACACT PRI 3

b

oY
This result tells us that the derivatives of the ith smooth converge just as *.
fast (quadratically in h) as the ith smooth itself. Also, sincz .
:E
42 (42 Ne
A P LA P 3
"\
and . "

“f(J+2)“(x;m) )
is really independent of x, the convergence of the ith smooth and all its deriv- .
atives is uniform. Subsequently, we will discover that this error bound for the ;
jth derivative of the ith smooth is the best possible (smallest). L
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HIGHER ACCURACY SMOOTHING
We now show how to obtain formulas of higher accuracy using the repeated
smoothing operator Si. Unfortunately, in the process of obtaining higher
accuracy, we must give up the shape preserving properties of our approximations.
Assume in what follows that f(x) is a polynomial of degree n. We know by

definition that

S{f(x)} = F L AP
W)= F100 = g

Expanding f(t) in a Taylor series around x gives us

(k)
1 ,x+h £ (x)
F = - [0y 22! -k
1) = o eh E T (ex)Tat
k=0
n x+h
1 ) fR) ) (xR
2h k! k+1 t=x-h
k=0
" (k)
1 S X)) ket k+1
3 -2 ) —e--=-l h h
2h £ (k+1)! ( (=n
k=0
n (k k+1
Ly £Denth e
" 2h (k+1)!
k=0

It is clear that every other element of this sum is zero (k odd). If we let

G(x) be the greatest integer ¢ x, we have

(k) k
f (x)h
F = ) eeeeeaaa-
1(x) } (k+1)1
k=0,2,4,...,2G(n/2)
G(n/2)
} f(ZK)(x)hzk
(2k+1)!
k=0
15
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Letting

and

(2k+1)'
where the superscripts on the C's denote the smooth index, we have

m
Fi0 = cif(2) )
k=0

Since F; is also a polynomial of degree n, as well as all successive F's, we can

write
m
Fi(x) = } Ciffif)
k=0
and m m
Fraato = 3 ot el = 3 Rl
k=0 j=0
but m-j
00 = S o el . } ei- st
k=0
Therefore
m
Fien00 = 3 cptlelZy } c} } Sy
k=0
m m
= Y 2 ekt
J=0 k=j
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Carefully interchanging the order of summation in this double sum, we have

m m k
i+1_(2k) i 2k)
Fis(x) = ) Ck £ = > c}cg_jffx)
k=0 k=0 j=0
m k
2k) :
- 3 6T el
k=0 j=0
‘ We therefore conclude that
; k
e ) cleie;
: =0
N We have
e = c3cd
; i+l 1.9
[

Ci = = CC] + CiCq
j+1

C2 = = CoCz + CiCi + C3Cq

'+ . 3 [ 1 -
Ca' = C3Ch + CiCa-g *+ -+ + CaCd

So if we define the semi-convolution product of vectors a and b as
asb = (ag,ay,az,...3ay) * (bg,by,b2,...by)
= (agbg,agby + ajbg,agby+aibq+azbg, ...
h agby + aiby-1 + ... + apbg)
we can write Ci*l a C'.Ci, where removal of the subscript denotes a vector.
We use the term "semi-convolution" because the dimensionality of the prod-

uct is the same as that of the factors. Also note that C; =1 for all i.

17
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Let us now derive an approximating operator which is exact for cubics. Let
f(x) be a cubic polynomial (n=3). Thus, we have m = 1. We can write the
following two equations and subsequently eliminate f"(x):
Fij(x) = f(x) + Cif“(x)

Fiep(x) = £(x) + €1 1F(x)

But first,
c*l = (1,¢i*h) = creci
= (1,¢])-(1,¢])
= (1,¢3+c))
Therefore
ei*? = cf + cf
or

Summing both sides of this equation, we have

K k
2 it e = ) cf
=1 i=1
cf*1 - ¢f = ke
ko (k1))
Therefore
c{ = iCy
We have
Fi(x) = f(x) + iC{f"(x)
and

Fie1(X) = F(x) + (i+1)C1f"(x)

18
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i
Y :‘
]
i Eliminating f"(x) )
; - - b
5 1+ +
Fisg(x) = 237 Fi(x) = £(x) - 237 f(x)
: iFie100) = (i+1)F5(x) = if(x) - (i+1)f(x) 3
N \
: {
Therefore h
: f(x) = (i+1)F;(x) - Fi41(x) .
; = (i+1)s7f(x) - isT*lf(x) :
i 1%
' and we have a smoothing operator which is exact for all cubic polynomials
v
; s3 = (i+1)si - isi*1 4
\ N
X We will now obtain an operator which is exact for all quintic polynomials. ?
' S
) Since n = 5, m = 2, and we write »
i i (4 3
1 h | 9
' Fi(x) = f(x) + C1f"(x) + czfix;
b
)
i, i+l {4 o
) Fise1(x) = f(x) + C{ "f"(x) + C3 féxg b
) . . 4 0
, Fisa(x) = F(x) + C1 2F"(x) + c%*szx} 9
, ™
) 4
: We simply eliminate f"(x) and f{x; from these equations, leaving f(x) defined in wl
; terms of the three smooths. First, however, we get the formulas for the C's. :;
) : : : -~
. ¢l = (101" cp") = crecd 4
J
= (1,61,C€3)+(1,61,C3) %
)-
= (1,C] + C{.C3 + 6icf + €3) ;
o
Therefore -
ci*lac v ] .
>
; and B
] i+l i i "‘R
‘ C2 " = Cp + CiC] + C3
Y
; .
B 1,
B A
{ ‘
\ 19 )
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As before,
¢y = ic}

but

,‘- ‘-.'\"_.'3'\";'-’"7 P s

- . )
el - e = ey + .
!
Summing both sides, we have Yy
)
k k k ot
Yedttoca=ch: D ie Y 3 %
i=1 i=1 i=1 >
)
k+1 k(k+ \
c5*t - o3 = ML (ch)e v ke R
K+l k(k+1) , 1 by
c2 = -=5=-* (C1)2 + (k+1)C2 -
Therefore E;
1
1 1(i-1) 1 g
2 =~ (C1)% + iC2 i)
)'
A w .
Using these C's to eliminate f"(x) and f(x) ultimately gives us '
fix) = %((i+1) (i+2)F5(x) = 29 (i+2)F;41(x) + 1(i+1)F;42(x)) ;\
1
Our smoothing operator which preserves quintics is therefore ?‘
#
sg = ¥((i+1)(i+2)8' - 2i(i+2)8™*1 4 i (i+1)87*2) .
| .y
Using 53 and Sg as examples, we can guess that the operator » )
k ke
. o
. ik } .k, St o
s = -1)J(;) ---- o
2k+1 = 10 2 (-1)I(5) 173 |
j=0 ~
is exact for all polynomials of degree 2k+1 and has 0(h2K+2) error. It is :i
interesting to note that these s operators are generalizations of Tukey's (ref ?;
)
2) method of twicing. Tukey uses the notation, data = smooth + rough, which we o3
I
(%)
"
2Tukey, J. W., Exploratory Data Analysis, Addison-Wesley, New York, 19877, :«
'
~
~3
)
20 o
.\
b
k ]
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N S e e e o A e N N S S



will abbreviate as d = m + r. He then defines the first smooth as my = Sd, and

T

L
subsequent iterated smooths by mj,q = mj + Srj, where r; =d - mj. Eliminating o
|
rij, we get mj,q = Sd + my - Smj. For twicing, we have oy,
W
mp = §d + mq - Smq o
: = sd + Sd - S2d 2
= (25-S2)d t
) o
For thricing, we have s
Fd
m3 = Sd + my - Smy :;
¥
= Sd + (2S-S%)d - S(2s-S2)d .
]
= (S+28-52-2S2+S3)d %
= (35-352+5%)d b
}
The twicing and thricing operators are the same as s3 and sg with i = 1. -]
Note, however, that we have made use of the linearity of our smoothing operator ij
S, while Tukey (ref 2) does not restrict himself to linear operators. ;f
!
' KERNEL FORM N
) LN
X We can easily write the first smooth in kernel form 3
d o)
x+h 1 ® -
s{f(x)} = -= f(t)dt = [ Kq(t-x)f(t)dt ]
‘ {foo} = [ [_Ki(t=x)f(t) e
' wher e A
! hgt<h ;
T <
Ki(t) = - =
0 elsewhere a
B
We will generalize this form to i successive smooths and find K;(t) where ?&
! N
4 &
¥ . a N
Si{f(x)} = [ Kj(t-x)f(t)dt '
- \
~
e
We will need the following simple theorem regarding successive integrations of f: Qf
K
~
2Tukey, J. W., Exploratory Data Analysis, Addision-Wesley, New York, 1977. .
A
.'l
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i,

-
-1
X (x—‘t)"l )

£ = R I .
.-
We prove this theorem by mathematical induction. g.
By definition, ?
X : .
Frx) = [ f(t)et A
"
hence, cur formula is true for i = 1. Also by definition, :;{
"

¢ fx 55

] X) = fi(u)du .

j+1(x) a j(u) N
\::}
On the assumption that our formula is true for i, we have QJ
- :
u (u t)1-1 .-
iep(x) = f fa f(t) S73o7y7- dtdu Q\
™
Interchanging the order of integration gives us )

i-1

(u-t) 7 '

fisr(x) = I f f(t) S73i1y7- dudt ;

~

=X -
] £(t) .(.‘.’_El | dt 7

[
]
la d

= [ f(y) i--—l dt
a

Hence, our formula is true for i+1 also, and the theorem is proved.

Now, we have already proved that

PN 4 rSr':‘)": T

.
Lt e

s't(x) = } ‘-ll- () F 3 (x (3-2K)0)
(2h)’

Py
2

i

T P S A
O AR

=
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Therefore
i ,
Stepo = 3 LSHS () prOTEOR L Gaizznen 1T o,
k=0 (2h)1 Kk a (1‘1).
i K
i-2k)h - ; :
= f:+(1 2) -;;‘;%%-;;'(;)(x+(i-2k)h-t)“1f(t)dt
ko0 (2h) (1 !
i
+(i-2k)h
= f: THON g (et
k=0
where
-1k 4 . i-1
gk(t) = E;;;;IT-;;: (1) (x+(i-2k)}h-t) 172 (1)
1= H

We may specify a arbitrarily, as long as it is independent of k. Let a = x -~

ih, hence
i
; < x+(i-2k)h
§'f(x) = t)dt
£ o in 9k (t)
k=0
i-1
x+(i-2k)h
= t)dt
2 [oin gk (t)
k=0
i-1
i (i-2k)h
steog = 3 10 geema
-ih
k=0

i-1
i-2k)h
= 2 10BN ) at
-ih
k=0

where Gi(t) = gk(t+x).
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P Writing out some of the terms of this sum, we have

i _ ¢ih (i-2)h (i-4)h
L S'f(x) = f—ihG°(t)dt + f—-ih Gy(t)dt + f_ih G2(t)dt

"l i-6)h -(i-2)h
3 o S NS PO ek

Gij-1(t)dt
i -ih -ih i-1(%)

Rewriting this sum as a sum of integrals over disjoint ranges, we have

i-2)h

. ih {
;‘. S"f = ! G
(x) I o(t)dt + !(1_4”‘

,::' (i-2)h Go(t) + Gy(t)dt
o (i-4)h
o +

G
l!‘ (.i_s)h o(t) + Gl(t) + GZ(t)dt

-(i-2)h

i Go(t) + Gy(t) + ... + Gj_q(t)dt

- Hence i-1 k

(i-2k)h } Gj(t)dt
,v (i-2(k+1))h
k=0 =0

k

} gj(t+x)dt
j=0

i-1
(i-2k)h
§ =
3’ 2 f(i-Z(k+1))h
k=0

i-1 k

g i~ - j 1 .

23 ) plizzkih } S =2 ) S (;) ((i-2j)h-t)i=1¢ (t+x)dt
k=0

J=
i-1 k
i = O T 1L T Y (03 (i-25)n-1) T lae
Y (i-2(k+1))h (2h) (i-1)1 4 J
é‘ k=0 j=0

but we want

X+ih
[ K§(t-x)f(t)dt
X=ih

Sif(x)

L AL Y

Iih .
_ip K (OF(to0at

s
o i

) 24




We can therefore conclude that for 0 € kK € i-1 and (i-2(k+1))h € t € (i-2k)h,

ks
k +
LN . s .

_ Ki(8) = ==medomema- Y nddhi-zng i |
S (2h) ' (i-1)! J ~
“ j=° '
]

g ‘ We see that K; is a piecewise polynomial of degree i-1. In fact, K; is a B-
) spline (ref 3) area normalized to unity with constant mesh spacing 2h. p

1) Note that for k = 0 ((i-2)h € t € ih),

\ Ki(t) « (ih-t) '}

| Hence .
\ K1 « (ihet) 1797 :

) and

(j)
Ki%ih) =0 for j ¢ i-2

ERROR ANALYSIS WITH NOISE

Let DJ denote the taking of the jth derivative with respect to x, and 2f
X denote the piecewise linear approximation to f over a uniform mesh with mesh
E width 7. The error in our estimate of the jth derivative of f is given by

ejix) = 30 (x) - pIsTa(fre) (x)

L where, in order to compute our estimate of f(J), we take the sum of the ;
18 o}
a underlying function f and noise €, evaluate this over a discrete mesh (take 3

h
N

data), define a piecewise linear approximation to the data, smooth the approxi-

mation, and take the jth derivative of the smooth. )

4 .
y -
‘: We may rewrite ej(x) in the following manner: ;
9 ej(x) = £19)(x) - pIsT(af(x)+1e(x))

i = £13)(x) - pIstaf(x) - DIsire(x) :

3de Boor, C., A Practical Guide to Splines, Springer-vVerlag, New York, 1978.

25 )
)




but

pIstef(x) = pIsi(afix)-F(x)+f(x)) = DIsTe(x) - DIsi(F(x)-2F(x))

Therefore ) ’

e5(x) = £130x) - 0IsTF(x) + DIsT(Fx)-2F0x)) - DISTe(x) £

The first two terms denote the component of error due to sﬁoothing alone. The ’ ;p‘

next term denotes the component of error due to linear interpolation of f, and

the last term denotes the component of error due to noise, i.e., the stochastic
component. We denote the first three terms by A(x), the analytic or deter-

ministic component, and the last term by R(x), the random or stochastic com-

't

ponent. G
Thus, we can abbreviate
ej(x) = A(x) - R(x) !~

We also let E5, Eq, and V denote the arithmetic mean, guadratic mean, and WA

variance operators, respectively. M

By definition, the local quadratic mean error is given by

&L

Eqlej(x)) = (Ealej(x)2))% = qj(x)

Therefore

P

dj(x)? = Ea(A(x)2-2A(X)R(X)+R(x)?) = A(x)2? - 2A(X)Ea(R(x)) + Ea(R(x)?)

A

but

R(x) = DIsire(x)

f'f 1'1' -',"""'.

j x+1ih
D9f Kj(t-x)ee(t)dt
x=1ih

X+ih {(j)

Ix-ih ('l)jKi (t-x)2e(t)dt

n
[ X A

(using Leibnitz's rule and the fact that ng)(tih) =0 for j € i-2). N

>

W

)
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Approximating the integral by a sum over the sampled data we get: 5'
o
T (d) W0y
RO ~ (=103 ) Ki7 (temx)etic)T 4
k ' t
~f
The expected value of this sum is clearly zero, and using elementary oe
'\‘-?;
statistical theory for the variance of a linear combination of independent ran- AN
R
dom variables gives us
1{
(3) (3) B
V(R(x)) ~ } Ki® (tg-x)202T2 = 0271 } Ky~ (tg-x)3T o
k K ®
R
Re-approximating the sum by an integral, we have s

o
58

‘h , ‘h .
V(R(x)) ~ o2T fx+1 ng)(t-x)zdt = gt f1, KEJ)(t)ﬂdt
x-ih -ih

®

"-

This approximation will be good for T small relative to h.

A

Since E5j(R(x)) = 0, E5(R(x)?)

V(R(X)), and we have

CEZI AL

Qj(x)2 = A(x)2 + V(R(x))

e

S

where

ih ,
V(R(x)) ~ a=1I1_h KgJ)(t)zdt
-1

et S o
» ¥

T

and o2 is the variance of the noise.

5% %

Now

P

%

Ax) = £33 (x) - DIsTe(x) + DIsT(F(x)-2F(x)) o
and taking absolute values gives '
Laoal < | £03) (x) - pIsTepal + 1 odsT (£ (x)-2F(x))| B

The previcusly obtained bound on the first term is given by ]

s
Ll
=

: -~ ihe i
[ £03) () - oIsTe(x)| ¢ lg- LACACLL TP

:.‘ l'.,:: L

PR XA
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1 4
o
We now obtain a bound on the linear interpolation part A
\ g
s s : X+ih ¢
[09sT(F(x)-2£(x)) = [ DI Ki(t-x)(F(t)-2£(t))dt| 3
X-1h \
-~
) N
X+ih (J ™)
=S KT () (F0)-2f(2))dY <I hI|<1 (t=x)|| £(t) - 2f(x)] at S
but from elementary interpolation theory, we know that
-
T2 o
| £(t) - 2F(t)] € == BE"B(g, ) o
8 et
So »
T2 x+ih (J) Y
| pIs’ (f(x)-!f(x))|< -- f | (t- x)lﬂf"ﬂ(t T)dt f;
&
T2 x+ih = (j) T2 ih (3) "
£ E- e 0 (x; ih+T) f |K (t-x)| dt = gﬂ “f"n(x;ih-ﬂ') I-ih I K; (t)] dt »
and we have approximate bounds on the local quadratic mean error in our estimate ::
Y
of the jth derivative of f: {':
»
i eli*2) T ih o (3) X3
aj(x)2 ¢ {-—- 1f Uxiin) + 5= W0 imer) /L 1K (1)l atfe #
Y
ih ( )
+ a1f J (t)2dt O
-ih if
Let N
ih (3) 5
1=/ |k () at N
-ih ,
and

ih
= f’. (J)(t)=dt
-ih

and approximate
103200y ~ 12 )+ in | £1343) x|

1670 (x; iher) ~ | 700 + (iheT)] £ (x)]

PRRRIAIA® N v e I
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We therefore have the approximate local bound :
ih2 (3+2) (j+3)

aj(x)2 < {-== (1 £60 T+ in £ 1) 3

T21 . ‘o“

+ === (| £ 00| + (ih+T)| £ (x)] )2 + 02T >

8 y

and the approximate global bound

: 1,0 1 ,L ,ih? j+2) j+3) ~3
P - (x)2dx < - -—- (] f{x + ih | f{x o
aj = = [ ajeazax < = [ (=== G571+ o 1657 ]
RS
T2l -2
e (1 £ ()| + (iheT)| £ (x)] )} 2dx + o2Td |
Y,
At this point, we will consider the problem of estimating I and J (at least f
WY,
for j = 0,1,2). Obviously, we do not want to go to the trouble of evaluating
3
the integrals of squares or absolute values of derivatives of higher order B 'i
splines, so we will do an asymptotic development. First, we note that the B o
spline kernel functions (K;) appear in an entirely different context - namely in :
the statistical theory of obtaining probability distributions of sums of inde- i
pendent, uniformly distributed random variables (ref 4). If xj, xz,...x; have S
i K1 as their common probability density and we define yi by :
i 7
0
| Yi = } Xk §
: k=1 -
5
then y; will have K; as its probability density. :;
“w
‘ We can easily compute the variance of yj; :'
[ . N
1 ]
Y
VIYi) = a3t = ) Vi) = iV(x) ]
‘I
k=1 "
/ N
) ok
"
4cramer, H., Mathematical Methods of Statistics, Princeton University Press, L,
New Jersey, 1946. P
r '
'. +
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but x has density Ky, therefore Ej(x) = 0, and

V(x) £ ) fh x2 q x3 lh h?
X = X = - X = == == e--
al -h 2h 6h -h 3
We then have
ih?
01-2 - -5—

We now bring to bear the central limit theorem of statistics, which tells
us that the probability distribution of y; will approach the normal distribution

as i becomes large. In practice, this normality approximation is rather good,

even for small i. We can therefore write

1 _ e
Ki(t) ~ ====--= o %(t/04)
for large i. First, we need a couple of derivatives of K,:

' t
Kij(t) = - ;-; Kij(t)
1

and

[1] 1 t
Ki(t) = - ((;j)z-l)Ki(t)
1 hj

The incomplete gamma function is defined by

X
y(a,x) = Io ta-le-tgt

We will subsequently need a recursion formula for y. Using integration-by-

parts, we get

30
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) ) ] o e
\ l'h
| 3
14
‘
X X t i
y(a,x) = x31f" e-tdt - [ (a-1)t3-2] e-Ududt )
0] 0 0 K%Y
o
X X t )
= xa-1 . -e't - a-1 ta-2 o -~V dt T~
by =1, (1) l !
X
= xa-1(1-eX) - [ (a-1)t2-2(1-e"t)dt '
° W
X b
= xa-1(1-e~X) - [ (a-1)t3-2dt + [ (a-1)t3-2e-tdt "X
0 0 oy
ta-1 X i
= xa-1(1-e7X) - (a-1) ---= | + (a-1) [ t3-2e-tdt -
a-1 0 0 Y
= xa-1(1-e7X) - x3~1 + (a-1)y(a-1,x) "
o
o
Therefore S,
v(a,x) = -x2-le~X + (a-1)y(a-1,x) )V
* 4
We also have the ordinary gamma function :
W
I(a) = y(a,=) "‘
1
[
and its recursion )
'~'\
r(a) = (a-1)r(a-1)
Taking j = 0, we have
:
00 X
1=/ |Kkjt)ildt =] Ki(t)dt=1=T1Ig ¥
58'_
1 - .
J=[  Kij(t)adt = [ ----- (t/a1) dt R
~o - 270 ;3 )
3
U
I jdt = L fm e-t?dt A
~o 2n0;? ng; - W
1
S S [T e-%tidt = —mmem Vam o == [© e-Mtigt N
2ro;v2 ™ 2no4¥2 yan - N
o
1 -~
Zﬁ £ ]
X
\»
A 1
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: 4
. 4
; s
»
’ but :
: i%h X
gy & -—=
b 3% ‘
p Therefore
: Jd = -}- . -.gl-‘ = -39 :
: ¥Vn % i%n g
#
where ;
: 1
! Jo = W3/n
]
;l' Taking j = 1, we have
® o |t K !
| D= [ IKi(oldt = [0 oo kyet)ae = [7 om0 ool oTH(E/09)2, 3
._ o a‘i i 013 /2_" 61 ‘
3
o
[}
. 00 t - . o;t
kK 2 2f emmee- eM(t/04)2 wa _9it e-%t%g. gt
N 0 o55%2n 0 o;i%v2r :
\ 4
§
2 w0 1 I %
: 2 —e-e- e X3 = - V2w 2 -o- « V2im = ---
3 o;V2n © 0j i%n i%h :
N where :
: o :
Iy = V6/n '
L)
! (-] ao t2 2 ;
I= [ Kittrzdt = [T oo ky()ade = [7 S L Ll oo(8/09)2g
. B o 044 -o ;4 2noj? 1
9 ]
0 o Oj2t? 1 1 ® .
¥ 2] ecmaa ¢ mmoo- e-t% ----- -t2 .i
: -© 04  2n04? 7idt = 52573 [ tre7tiat 3
) .
1 1 1 .
' 2 emm-— -~= « V21 -kte
. . * wem- t2 l‘t i
Y 2nois /7 2n I-w o ;
1 3%/ J1 )
‘ a/n o am i%*hs i3/ :
. -
',: where -
! )
K 3 N
: Jl = ; Y3/n .:
; F
. )
. .
' Pa
[ A
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Finally, taking j = 2, we have A

0 " o0 1 t '
T=[ |Kite)dt = [ ===](=-)2 - 1| Ki(t)at
-0 -0 a'iz a,i g
.:
o t 1 . o 1 }
-2 -k | (==)2-1] ¢ ====-- e ¥t/ gy = of 2o |te-1 e -oz--- e-%t%g.dt ;
0 02 o4 2r o5 0 oy2 2n o4 :
1 00 1 1 o0 ,
= -—- V2/n [ | t2-1] e~%t3dt = -=- ¥V2/1 {[  (1-t2)e~Xt3dt + [ (tz-1)e-¥t3dt] A
0;? 0 04 0 1
Making the change of variable
u = kt! :
t = (2u)% .
dt = %(2u)~%2du = (2u)~¥%du ‘
1 X ®
I= - /2/n{fo (1-2u)e-Y(2u)~%du + Ix (2u-1)e~Y(2u)~%du}
i

1 %
I=-- Y2/n {fz ((2u)-% - (2u)¥)e-Ydu + Ik ((2u)% - (2u)-%)e-Ydu}

o3
1 :
= oo V{2 00%) - D8(3/a%) « U0/ 2)-v(3/2.%) - 278 - v08%))] '

L]
] "

1 —_—
= o= Vam(Pyous - 20/ m) » 00/ - 200

1

1 :
*oua Y2/m{2%y(%.%) - 23/1(-(k)xe'¥+ky(x,x)) + 2% o ¥I(%) - 2-%M (%)} "
i -
1 2 3 I2 L
= === V2/7 o ze‘k E e—- VZ/ne = 2 ¢ == }/E/—"é = m——
01‘3 o,-z .ihz ihz 7
where E;
I, = 6¥2/me i:
LY
N
b
33
N R N P e N S e




o0 00 1 t
J= [ Ki"(t)adt = [ == ((--)2-1)2K;(t)2dt
- -0 g4 o5
o - N (LS PP PR (t/0i) e
o 054 04 no;?
a0
R LA e-t?g,dt
-~ 034 2no;
= ---- f (t2-1)2e-t?qdt
no;s
Making the change of variable
t? = u
t = uk
dt = %u~¥%du
1 o 1 ©
J= -—-- [ (u-1)2e~Y « Ru~¥dy = --=-- | u¥(uz-2u+1)e~Ydu
no* 0 2no® 0
1 o
= —e-mc [ (u3/2-2u¥%+u~%)e-Ydu
2no;t "0
Therefore
J = P (F(s/2) ~ 2T'(3/2) + I'(%)) = Soo=y (8/2% T(%)-2-XI' (%) +I (%))
i i
but
r(%) = ¥n
Therefore
3 3 3s/2 J2
J R L] 3/4 {1_[ L macccce T eacaw crmmmes T eecooea
2no ;s avn o;" a¥n  i%/2hs is/2ns
where
7
Jog = == V3/n
34
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Summarizing these results fcr I and J, we have ‘.'_L
$'

~

15 )

= ----.—3 '

(W) o

Ig=1 , I7=V6/m , I V2/ne '

3 L3 .

3. %

(h/',i‘)23+1 o
-
— 27
Jo = W3/, Jq1 = 3/&¥/3/m , Jg = --8- Y3/n {'

\'.

Our approximate global bound on qj becomes :

1 L ihe  (j+2) (j+3) 3

i < = -=- {] f(x + ih | f(x ~

a5¢ < o =g df60 ]+ an e ) .

o d

T*IJ- | | | ) a*-rJJ- )

= A 00l + (i) £1 (0)] ) f2dx + =-===3oms

8(h7)J (hY7)23*1 :

Note that all terms in the preceding bound either remain finite or - 0 as T ;ﬂf"

- 0. Also note that for a given T, some terms - » as h - 0. What we would now l
like to do is to select an h (in terms of T) which roughly minimizes this bound. ’_
1%

We would then like all terms in the bound to - 0 as v (and h) - 0. :',;
o]

.
Since we only need an h that roughly minimizes the bound, we can freely X
neglect small terms. We can begin by neglecting the f{(Jj*+3) and f"' terms as h, O
“»
T - 0. We then have ;:;
.

ih2 (J+2) Tzlj U‘TJJ b

agt <= [T e e et | #700] Jeax + —-omz3os %

8(hV7)d (Wi)4J ht

v
A
jzhe ih#t2l; T4I;? 02T ',i
= oo Bje2,j42 * mmmmmomIt M2, 542 ¥ mmemmmg KH2,2 * =====3373 b

3 74 24(h/7)7 J 64 (h/7) 2 (h7)23+1 R}

o

where \\.
1 L o

Mj 5 = - f dx o

fye o ebdels) :
!
a
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; b
] "3
1 r]
3
4 M
. Therefore C
; qit < == izhey o o2 1320200y .
’ I < 36 J*2,j*2 24 372, j+2 o
1 2.4 . Ny
. - Ji-Jr. =(2j+1) - (j*+%) 5205
: + ca Th i IJ’uz'z + h i g TJJ 4
)
¥
] _ 2-j.. -2j -(2j+1) C
: = ajhs + azh T + ash T4 + aah T :
p where ~‘
; 1
i a; = -- iy, ;
, 1% 36 Hj+2, j+2 N
%!
4 1 1- 1
.1-j/2
dg = == 1 I; 3 ’
2 24 JH2,3+2 (]
1 ) o
, ag = -- i7JI;2 y
; 3% 52 joH2,2 s:
| B!
ag = i (3*H)gay,
) Differentiating this bound with respect to h and setting the result equal to k
} “
¥ zero gives E
4a1hd + (2-j)a2h1'-7'rz - Zja3h'(2j+1)r‘ - (2j+1)a4h'(23*2)r =0 .
) Multiplying through by h2i*2 gives "
) ’
. I3 'l
4a1h2J*5 + (2-j)aghi*3t2 - 2jaghte - (2j+1)agT = 0 ’
Clearly, h = 0 if T = 0, but we would 1ike an h in terms of small but finite T. 4
i It seems that as far as 1t is concerned, we should be able to neglect the a; and :'
' a3 terms of the last equation. We will now do this and subsequently show that f,
it is justified. Neglecting the second and third terms gives us =
| 4a1h2J+5 - (2j+1)agT = 0 I“.
i Therefore 1 1 ﬂl
' (2j+1)ag _ 3335 33+5 ,
= (=====-- 3 1)20%5 o 2048 ‘
431 : ]
o)
F g
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where 1 (+%) 1 g.

(2j+1)ag 5338 (2§+1)i ‘¥ o2y; 572E o
¢ (224255 (231D T 700 1,23+ 1

4aq 1/9 i2uj42, j+2 "

1 1 N
. -———— : , wemwa d
_Szienyy 3 1 9(24r1)etyy a5 3

14%/20542, je2 Vi Bjez, a2 7

o

Inserting the value for h back into the equation in which we neglected the L,

L
.second and third terms gives us 5
j+3 1 Sﬁ

. . 2345 2345 ¥

4ayc2J+5t + (2-j)agreci+3t 2345 _ 2jagTéct 23+8 (2j+l)agr = 0 )

X
or 5j+13 8j+21 &

; 4a;c2J+51 + (2-j)azei*3r 2j+5 2jager 2J*5 - (2j+l)agr = 0 3
! )
and we see that indeed, the a; and a3 terms are asymptotically smaller (as T - N
0) than the two terms retained (the a; and a4 terms). Also, for j = 0, the a3 g,

‘w
t

term is zero and for j = 2, the ap term is zero. T

'
I We now insert our (roughly) optimal value for h into our previous bound :'
3 .-;
; expression. The bound is 03

qj* < ath* + azhz'J"l'z + a3h'2J"r‘ + agh=(2j+1)¢

PR G,

‘ 4 2-j -2j -2j-1
1 = ajceT 2345 , aprac2-Jr 2j+5 agrec-2ir 23+5 4 agrem(2j+1)p 2J%5 g
3 N
3
s 3j+12 6+20 4 A
o it . SSTe- i '
= alC‘T 2J+5 + azcz'j72J+5 + a3c'23123+5 + a4c‘(25+1)123+5 .:.
It is interesting to simplify the coefficients of the powers of T in this last C:
-
\ bound and note that they are completely independent of i (the amount of >
: )
smoothing). ”
s
Let D'
9(2j+1)02d; -=-- v
K = (__________2)2 +5 N
uj+2,J+2 .
W
v
\n
w
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therefore ¢ = ki~X.

Now

1 1
a4c4 = —- j2? 5 3 o k4i~2 -= K4U; i : v
1 36 Bj+z, j+2 = 36 Hj+2, j+2 A

2-i%(2-5)

, s 1..2"J
iy, 542 sa 13k

Ha, j+2

i 1 - -2 ; 1 -2
= == §7J1;2 . 23:-%(-2j) _ _2 y.2"2] y
azc " 1715 Hy 2 k “-i ” Ik “2,2 G

age (23] o () gay IV (2541) | gay i (2541)

Our roughly optimal asymptotic error bound is
4 3j+12

E, 1 gy 35
+ == I:ké"J 42T
24 J l-l2.J+2

>

1
9G* < 35 KMz et

6j+20 4

+ 0205k (2541)723%8

: 2 ;’_{5"" )

Clearly, the second and third terms play a minor role as far as T is concerned.

We can therefore further simplify:
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2j+5
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1 .
qj° < (57 KMjez, ez + 075k (25*1))7
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we have
9( ) : (2j+1) oAt
1 2j+1)0%J; 3338 9(2j+1)o%d; - 3338, 3378
Q2 < (2= Hj+2, je2(=m=====mm== IS 4 02Jj(m=mmmmmmmes ) 4IT)rd
~ 36 Hj+z, 3+2 Hj+2, j+2
2j+1 4 4 2j+1 2j+1
1 3ITE 53TE 33TE 53°E - 3%<E
= 52 Mz, o200 (9025410212 o (@r10 )P0 500 PP (0 2501y BT
2j+1 4
2j+5 . 2j+5,_1 1
= Hje2, j+2 J (9(2j+1)a1d ;) J (SE + 5;;3:;;)
Therefore 2j+1 4
1 258 3395 3395
(2 ¢ == (=Z==)isn i42°977(9(2j+1)0219 )4
q; 236 (2j+1)MJ+2,J+2 ( Jj*1) J)

Recalling the expression for our nearly optical h value

1
1 9(2j+1)0o2*Td; <=z
hj = -= -----____-_2)2J+5
Vi Hjez,je2
and defining the constants .
Mj = (9(2j+1)Jj)2j+5
and ,
12 5375
Nj = = (==--)%(9(2j+1)J4)*)
we summarize .
AP 3
hJ s - ( ________ )
Vi Hj+2,j+2
2j+1 2
qj < Njuj+2,j+24J+10(azT)2J+5

where Mg = 1.345, M; = 1.53, My = 1.74, and No = 0.674, Ny = 0.597, and Np =

0.679. Note that qj -0, hj - 0, and hj/T -~ oas T - 0.
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We now apply these two formulas to the particular case of a sinusoidal

function

f(t) = A sin wt

First, we can easily compute that

A=w2j+4
“j+2,j+2 = --E----
We then have iea 25+1 )
A2w ————— ——
qj < Nj(---5---)4J+1°(O'T)ZJ*5

If we now define the error-to-noise ratio e to be qj/o and the signal-to-

noise ratio s to be A/g, we get

2 2j+1 2
o2s2y e=-e= S
qJ < Nj(----E__--)43*10(037)2J+5
4j+2 4 ., 2j+1 2
33116 * 3345, 520°9%" 133163375
Nja™ R Gt R S
2
Therefore 2441 )
s?w 233378 53I3E
e < NJ(---E___)4J+10T23+5

To insure that e is bounded above by some specified number E, it is sufficient

that

2j+1 2
s2w 23710 23+5
NJ( _______ )4J+10T2J+5 = E
2
or 2j+5 2j+1
(c) 2 (---2eeey W
T = (-- mmmse—-
j szu23+4
but 1 1 1
M. ——— ——— . ————
he = o3 (20T 254 T3 (LI \E5RE ) (LT )2548
J i Hje2, j+2 Vi A202j+4 Vi s2ptitd
2
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Therefore

For a sinusoidal function, we may therefore estimate the needed sampling

interval T and window parameter h, given the desired error-to-noise ratio E, the

signai-to-noise ratio s, the amount of smoothing i, the frequency w, and the

derivative index, j.

ERROR ANALYSIS WITHOUT NOISE
Recall from the last section that the approximate asymptotic error bound on
the global error is given by

qj® < ajh* + agh? Itz + agh™2ire + ayn~(2341)

and that setting the derivative of this bound with respect to h equal to zero
yields (implicitly) the optimal window parameter

sajhs + (2-j)aght Itz - 2jagn™(23* ) 1e - (2541)a4n7(23*2)1 = o

where 1
A1 = ~-= j21 s :
1 36 KHj+2, j+2
1 1-j/2
Ay = —-- § I; :
2 24 jH2, j+2
41
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1 -
ag = EZ i Ijauz'z
ay = i-(i*K)azJj

In the presence of noise, the aj and ag terms turned out to be the most
significant, but without noise, the a, term is zero and we are left with

8ajhs + (2-j)aght ™Itz - 2jagn(23*l)re 2 o
If j = 0, we have
4aihd + 2asht? = 0

and we see that there is no real optimal h.

If j = 1, we have

4ath3 + at? - 2azh7™3T14 = 0

or

4aih® + azT?h3 - 2a371* = 0

There are no dominant terms in this equation, so we may not neglect any.

Solving this quadratic for h3 gives
Ta
h3 = === {-ap + (a2=+3231a3)3}
8&1
If j = 2, we have

4aih® - dagh™3T4 = 0

or
ajh® = a3T*
Therefore
as 1/0
h=(--) 1%
a
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and
I2
a2* < >a (u2,4+(u2,zu4,4)3)f‘

We see that even without noise, there are optimal window parameters and

corresponding error bounds for derivatives.

BEST ANALYTIC ERROR BOUND

In this section, we show that the previously obtained upper bound on the
analytic error in the jth derivative of the ith smooth of a smooth function is
the best possible, i.e., the smallest. We will streamline the error analysis by

making use of the kernel functions and their properties

h

pisif(x) = sipif(x) = si¢ld) a Ix+7h K (t=x) F (3] gt
X=-93

, y 0 . 0 .
= f’,h Ki(t)ff%lx)dt = j_ih Ki(t)ffilx)dt - Iih Ki(t)fgilx)dt

-1

Using integration-by-parts, we have

. - 0 0 - t
isif(x) = £ f  Kjeyde - [ #030) (eaxg Ky (u)dudt
-ih h -ih

. 0 0 ; t
- (F 000 Kieat - [ #9* ) (e [T K (u)dudt)
ih ih ih
Let
t
I(t) = f_ih K (u)du

Therefore

.. : ih .
DISTF(x) = f(J)(X)I1ih Ki(t)dt - fo.h £03*1) (eax) 1(2)at

0 N
+ f_h £0*1) ey (1(¢)-1(ih))dt
1

-,
- o

.
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Then

Z

osie(x) - £l3 = - f?ihffgiigl(t)dt + j?h R (1t 1)t

r
o,

s
o e

| Again, integrating-by-parts,

e

",

pIsif(x) - fii} = - {f{i?l)fo,h I(t)dt - fo.h fsgzigft.hl(u)dudt}
-1 =1 -1

v -
1
N

j 0 0 j+2
+ ffiyl)f_ (I(t)-1)dt - [ ffgtngf (I(u)-1)dudt
ih ih ih

o

j+1 0 ih 0 j+2) , t
= féi; ){-f " I(t)dt + f; (1-1(t))dt} + [ " ff%:ng _hI(u)dudt
-1 -1

Mo Mgy

A @ Vo pr

.
X -

Ls
‘-.A- 2

3.'“

ih  (j+2) .ih
+ I; figzx; fl (1-1(u))dudt

Now

-

o
4

t
I(t) = f_ih K;(u)du

XA

therefore

R T
NN,

t t
I(-t) = !-ih Kj(u)du = - !ih K4 (-u)du

«

-

ih
= ]t Ki(u)du = I(ih) - I(t) = 1 - I(t)

) o
Wl G

-,

Therefore

£
I"!

pisie(x) - £{3) = £{371¢- fo.h I(t)dt + ;;h I1(-t)dt}
-i

+ Io.h ff%tig lt, I(u)dudt + [ih f§€I§§ fih I(-u)dudt
-ih 0 t

o,
A

j+1 0 0 0 j+2
= f§§§ ){-f L I(e)dt + [ I(t)dt} + ffiix;ft. I(u)dudt
-ih -ih -ih ~ih

AN
S P

ih i+2) -t
+ fo f2%+ng_ih 1(u)dudt

A
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ih j -t -ih j+2 t
f1 fiiiikf I(u)dudt = - [ ! ff3¥+i)j I(u)dudt
0 -ih 0 -ih

0 j+2) ,t
= [ f%i-t;f I(u)dudt
-ih -ih

We thus have

.. . 0 .
pIsie(x) - £3)(x) = / " f(J+2)(t+x)It.h I(u)dudt
-9 -9

0 .
o 10 #0*) ey st 1(u)duat
-ih -ih

Taking absolute values and using the usual norm, we get

. : , 0t
|03sie(x) - £03) ()| € 20034200y, ipy ] b [, Tu)dude

t u
-ih I

K; (s)dsdudt
-ip i)

, 0
= 2ﬂf(J"‘2)ﬂ(x;ih)f i f
-1

By reversing the order of integration in the triple integral a couple of times,

we get

0 It Iu ‘ 0 s
sin oin Lo ;(s)dsdudt = f_, 5= Ki(s)ds
y Iih K (5] Gi*  jh2
= s2Ki(s)ds = === = ---
-ih i(s) 4 12

We finally get

C s . . ih? ih2 .
lodsieox) - £L3)()) < 2nel3* 2Dy ony o lii = 15- ne 9+ 200 i)

and we see that no better bound is possible.
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A COMPUTATIONAL CONSIDERATION

To repeat, the ith smooth of function f is given by
.i

U -t)i-
fiu) = J_ () iEfsl-T- dt

Now, for a given value of x, a is arbitrary, but if u is considerably different
from a, the integral f;(u) can be quite large. This can lead to a major loss of
significance through round-off error in the smoothing sum. To avoid this, we
prevent f;(u) from becoming too large by selecting a equal to x.

Hence, we compute

u
fi(u) = lx o5 (t)dt
where

®i(t) = £(t) 732177

Now, assume f(t) to be defined piecewise on some x mesh. Let Xy € x € xp41 and

Xm € U € Xpyeq Where £ ¢ m,

(if £>m, f;(u) = - [ &;(t)dt)

X £ c X

ifm=12, fi(u) = [ ¢;(t)dt

) Xp+1 u
ifm= 241, fi(u) = ¢i(t)dt + [ o;(t)dt
X X!+1
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ifm 3 2+2,
Xg+1 Xg+2
fi(u) = [ oi(t)dt + [ ;i (t)dt
x Xg+1
Xm u
LT | ®i(t)dt + [ o5(t)dt
Xm-1 Xm
m-1
xg41 Xn+1 u
= [ $;(t)dt + E / di(t)dt + [ o;(t)dt
X Xn XM
n=2+1

We therefore need to compute integrals of the form

8
[a ¢i(t)dt where xp € @,B € Xp4q

In the special case when f(t) is piecewise linear and continuous, we have

f(t) = Yo + ===m=—=- - f
(t) Yp * X5e1 - Xp (Yp+1 yp) or Xp £t g Xp+1
or
f(t) = Yp + qp(t-x-p)
where
Yp+1 = ¥p
R eRe
Therefore
_gyi-1
¢i(t) = ‘yp + Qp(t-xP)) i%?:%yrc
and
n oB (u_t)i‘l
Ia ¢1(t)dt s Ia (YP + qp(t-U+U'Xp)) ‘r;:iyi— dt
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(Yp + qp(u-xp) , .
= --9----13;---9-2 ((u-a)? - (u-8)1)

o a

+ ':'E'j ((u=g)*1 - (y-q)i*l)
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